In this paper, we study the portfolio selection problem considering transaction costs under multiple periods. For non-professional investors, it is a critical factor to choose an appropriate model among multiple portfolio selection models in investment. Based on the credibility measure, we formulate a multi-period polynomial portfolio selection model to gather the risk indicators involving variance, semi-variance, entropy, and semi-entropy, helping investors bet on assets. According to the polynomial goal programming (PGP) approach, investors can conquer the fields by combining apposite indicators to build appropriate models. Subsequently, an adjusted genetic algorithm on the foundation of the penalty function is designed to obtain the optimal solution of this multi-period model. The results indicate that the PGP method is suitable for investors to choose the model and assigns the proper models to investors with different risk preferences.
Introduction
Portfolio selection theory is an important part of modern quantitative finance. Generally, investors allocate the funds among different assets to maximize expected returns by choosing an optimal investment strategy, which is known as the portfolio selection problem. Since the classical portfolio selection programming was raised by Markowitz [1] , who proposed the mean-variance model in which return was quantified as the mean and risk as the variance, there have been numerous studies surrounding Markowitz's work. As research continues to deepen, new models involving other risk indicators have been introduced and enriched the research field. For example, Ballestero [2] presented mean-semi-variance in place of mean-variance owing to the fact that investors actually merely consider the risk when the returns are lower than their expected returns. Macedo et al. [3] was devoted to studying the application of multi-objective evolutionary algorithms in the portfolio optimization, within a mean-semi-variance framework, which took into account adverse return variations rather than overall variations. Meanwhile, transaction cost is also an important factor in portfolios, which has been studied by many scholars. For example, Beraldi et al. [4] aimed at dealing with complex transaction costs within portfolio management models effectively. With the increase of experts' research on financial market, the vagueness and ambiguity of information were increasingly recognized, and the fuzzy set theory raised by Zadeh [5] was then stretched into portfolio selections. Since then, a paradigm shift has taken place while modeling portfolios, and many scholars have studied the fuzzy portfolio to deal with the uncertainty in actual problems, such as [6, 7] , depending on the possibility measure. Furthermore, Liu and Liu [8] transformed the exact historical data into fuzzy numbers and constrained fuzzy expected value models on the basis of the credibility measure, which is consistent with the vagueness, so as to overcome the limitations of possibility measure. In accordance with the credibility measure, Huang [9] originally put forward semi-variance to express fuzzy variance and utilized a fuzzy simulation based on the genetic algorithm to solve the formed mean-semi-variance model.
In probability theory, many researchers have investigated and accepted mean-entropy models [10, 11] and mean-cross entropy models [10] ; the former maximizes the uncertainty of investment return for improving diversification, and the latter minimizes the divergence of investment return from the a priori one. In fuzzy set theory, different from the probabilistic environment, Huang [12] used entropy as a measure of risk and proposed two credibility-based fuzzy mean-entropy models to illustrate the effect of entropy in portfolios. Furthermore, cross-entropy was adopted by Qin et al. [13] in portfolio problems, and a hybrid intelligent algorithm was designed to deal with different models. With the development of research, models and applications involving entropy have received great attention. For example, Ray and Majumder [14] proposed a fuzzy mean-variance-skewness-entropy model with triangular fuzzy returns to facilitate a more reasonable investment decision. Zhou et al. [15] found that semi-entropy was positively correlated with entropy and variance so that the semi-entropy can be directly proven as a surrogate indicator of risk, and an illustrative example showed that the mean-semi-entropy models of fuzzy portfolios can significantly improve the dispersibility. Tian et al. [16] established the bi-objective optimization model on the basis of fuzzy cross-entropy so as to identify the criterion weights and obtain a final ranking result.
Though great progress has been made in embedding fuzzy programming approaches in portfolios, most research on fuzzy portfolios is in the framework of a single period, and also, some scholars have studied the multi-period fuzzy portfolio selection problems. In the real world, investors tend to invest their assets from time to time, which makes it reasonable for single-period portfolio selection problems to evolve into multi-period portfolio selection problems. Yan et al. [17] originally formulated a class of multi-period semi-variance models, and a hybrid genetic algorithm was applied to solve the model. Moreover, Yan and Li [18] established a multi-period semi-variance model considering the stochastic exchange rate, which was proven to be effective. Peng et al. [19] proposed an asset-liability mean-variance model, using a nested mean-variance game formulation due to its time inconsistency. Within the framework of credibility theory, Guo et al. [20] designed a fuzzy simulation-based genetic algorithm to settle the fuzzy multi-period mean-variance model involving V-shaped transaction costs. Similarly, Zhang and Liu [21] presented a multi-period credibilistic mean-variance model, aiming to maximize the terminal wealth and minimize its risk. Besides, Mohebbi and Najaf [22] formulated a bi-objective mean-VaR portfolio selection model with multiple periods and transaction cost considerations based on credibility theory and adopted an interactive dynamic programming method to solve this model. Table 1 summaries the literature mentioned above from the aspect of risk indicators, objective, period, and theory considered in modeling. Most of them were committed to researching one certain aspect, such as going into depth for a risk indicator, discussing multiple objectives, and studying multiple cycles. Considering that the current research mainly focuses on proposing new portfolio selection models composed of returns and a few risk indicators, such as the mean-variance model and the mean-variance-entropy model, few research puts so many risk indicators into one paper. Therefore, in order to study the extent to which these indicators affect the model, a portfolio selection model is proposed from the perspective of studying different risk indicators and their impacts in a multi-period multi-objective portfolio selection problem under the fuzzy environment. Because there exist many risk indicators, we choose variance, semi-variance, entropy, and semi-entropy, which are commonly discussed in portfolios. Meanwhile, for dealing with the multi-objective issues, a polynomial goal programming (PGP) was embedded. Ultimately, from the perspective of empirical data, the priorities to which investors with different risk preferences prefer different risk indicators or portfolio selection models involving different combination of risk indicators are given, helping investors make more rational decisions. 
After this brief Introduction, this paper introduces the conceptions of credibility theory, i.e., credibilistic expectation, variance, semi-variance, entropy, and semi-entropy, in Section 2; then, based on the PGP method, a multi-period polynomial goal programming model is presented in Section 3, which considers transaction costs, upper and lower bounds, investment proportion, and short-sale to a large extent; in Section 4, the defuzzification portfolio selection model is solved by an adjusted genetic algorithm; followed by Sections 5 and 6, providing an empirical application to demonstrate the results of the comparison of models and the final conclusion, respectively.
Preliminaries
In this section, we first illustrate some fundamental concepts including the expected value, variance, semi-variance, entropy, and semi-entropy in the credibility theory, which is the theoretical basis of this paper. Considering that much literature on fuzzy portfolios has adopted trapezoidal fuzzy numbers to characterize the fuzzy returns, such as [20, 23] , we then introduce some crisp expressions about indicators of trapezoidal fuzzy numbers based on the credibility measure, which is also called defuzzification. Ultimately, according to the linear property of the arithmetic operation on trapezoidal fuzzy numbers, the expressions of these indicators for the portfolio are obtained.
Let ξ be a fuzzy variable with the membership function µ. The fuzzy event A has the possibility [24] and the necessity [25] as:
Referring to Liu and Liu [8] , the credibility of A is defined by:
Definition 1. (Liu and Liu [8] ) Let ξ be a fuzzy variable. Then, its expected value is defined by:
provided that at least one of the two integrals is finite.
is a trapezoidal fuzzy number, and its membership function is:
In light of Equations (1)- (3), the expected value of ξ is (see also Liu [26] ):
, and x i are nonnegative real numbers, i = 1, 2, . . . , N, representing the fuzzy return and proportion of the i th asset, respectively. According to the linear property of the arithmetic operation on trapezoidal fuzzy numbers, it is easy to derive that:
Thus, the expected value of a portfolio is:
Definition 2. (Liu [26] ) Let ξ be a fuzzy variable with a finite expected value e. Then, its variance is defined as:
Example 2. The variance of ξ ∼ T (z, z, δ, η) is (see also Zhang et al. [27] ):
it follows from Equations (6) and (9) that the variance of a portfolio is:
Definition 3. (Huang [9] ) Let ξ be a fuzzy variable with a finite expected value e. Then, its semi-variance is defined by:
where:
Example 3. Suppose that ξ ∼ T (z, z, δ, η) and its expected value is e. The semi-variance of ξ is (see also Qian and Yin [28] ):
Assuming that ξ i ∼ T (z i , z i , δ i , η i ) and their expected values are represented as e i , i = 1, 2, . . . , N, then according to Equations (6) and (11)- (13), the semi-variance of a portfolio is:
Definition 4. (Li and Liu [29] ) Let ξ be a continuous fuzzy variable. Then, its entropy is defined as:
where S(t) = −t ln t − (1 − t) ln(1 − t) is a continuous and differentiable function, and Cr{ξ = x} is called the credibility function of ξ.
Example 4.
The entropy of ξ ∼ T (z, z, δ, η) is (see also Zhou et al. [30] ):
Then, according to Equations (6), (15) and (16), the entropy of a portfolio is:
Definition 5. (Zhou et al. [15] ) Let ξ be a continuous fuzzy variable with a finite expected value e. Then, its semi-entropy is defined by:
where S(t) = −t ln t − (1 − t) ln(1 − t) and:
Since S(0) = 0, the semi-entropy defined in Equation (19) can be rewritten as:
Example 5. Suppose that ξ ∼ T (z, z, δ, η), and its expected value is e. Then, the semi-entropy of ξ is (see also Zhou et al. [15] ):
where ρ = (2z
and their expected values are represented as e i , i = 1, 2, . . . , N, then according to Equations (6), (20) and (21), the semi-entropy of a portfolio is:
Portfolio Selection Models
In this section, considering that constructing novel portfolio selection models is a highly valued work and studied by many scholars, we are committed to studying the performance of different risk indicators in models from a completely different perspective. For this purpose, a fuzzy multi-period polynomial goal programming model considering transaction costs is proposed. In this polynomial model, the effects of different risk indicators can be observed by changing the parameters of the objective function. For better understanding, the variables and parameters used in this model are first described in Table 2 , and the return of each asset is assumed to be a trapezoidal fuzzy number. the proportion of the i th asset in the portfolio at period t ξ i the fuzzy return of the i th asset c it the unit transaction cost of the i th asset at period t l it the minimum proportion of the i th asset, which is held at period t u it the maximum proportion of the i th asset, which is held at period t y it a binary variable representing whether the i th asset is held at period t W t the wealth at period t W 0 the initial wealth
The Multi-Period Polynomial Goal Programming Model
Considering the complexity of the market environment, we measure risk from different aspects to construct portfolio selection models to help investors with different risk preferences. In order to deal with the multi-objective problem, we introduce the PGP method mentioned in [31] , transforming multiple targets into a single target, and further effectively compare the different risk indicators. Specifically, we apply the defuzzification approach introduced in Section 2 to obtain crisp forms of objective functions.
First of all, a multi-period multi-objective portfolio selection model P(1) can be constructed by taking both returns and risks into account, as follows,
As can be observed above, the functions O 2 -O 5 are separately minimizing the variance, semi-variance, entropy, and semi-entropy of a portfolio during the whole investment period, corresponding to Equations (5), (10) , (14), (17) , and (22) . The function O 1 is aimed at maximizing the overall expected return of a portfolio excluding transaction costs throughout the whole period, which can be derived by the following process. Firstly, we can easily get the total wealth at period T,
Obviously, the overall expected return of a portfolio at period T is:
As for the constraints, the first one ensures that all funds are invested in each period. The second constraint limits the proportion of each asset that is held to the lower and upper limits in each period, and the proportion is zero if the asset is not held. The third constraint means no short-selling of assets. Moreover, the last constraint is the integrality constraint.
In order to solve this complex multi-objective model, the PGP method is implemented. In the PGP process, there are two steps. Firstly, we must concentrate on solving each individual objective function to achieve aspired levels R * , V * , S * v , H * , and S * h . For example, R * can be obtained by solving the sub-individual objective model consisting of O 1 and all the constraints.
In the second step, goal variables
are employed to depict the deviations from aspired levels. Meanwhile, the Minkowski distance is commonly used to transform multiple objectives into a single target model. Similar to Lai [32] , first normalize the Minkowski distance, and then, we can get a standardized expression. Furthermore, with reference to Aksarayli and Pala [31] , we added one to all normalized goals, guaranteeing the base number of each objective to be greater than one, so that the goal variables can increase strictly with the exponent. Then, considering the investors' preferences for the model, λ i was utilized to prioritize the five targets. For different values of λ i , the optimal values in different scenarios can be obtained.
On the basis of the PGP approach described above, the multi-objective model P(1) can be transformed into the polynomial model P(2), which is constructed as:
subject to:
In the model P(2), λ i measures the degree of an investor's preference: the larger λ i is, the more important the corresponding indicator is. Meanwhile, it is worth noting that risk is always positive, and thus, the objective can be simplified to:
For the purpose of better comparing the impact of different risk indicators on the models, λ 1 was fixed to one, and λ 2 -λ 5 were binary variables in the empirical experiments of this paper, resulting in different models with different risk indicators. For example, λ 1 = λ 2 = 1 and λ 3 = λ 4 = λ 5 = 0 mean only the overall expected return and variance of a portfolio work in this model. Thus, these commonly-used risk indicators can be embedded into one objective function through the PGP method, then the impact of risk indicators on the models can be studied by adjusting the value of the parameters, which is the biggest difference between this paper and other literature.
Portfolio Performance Measures
In order to evaluate the performance of different models, the Sharpe ratio, a traditional performance measure, was utilized. On the basis of credibility theory, we adopted the credibilistic Sharpe ratio (CrSR) presented by Jalota et al. [23] to measure risk-adjusted return, specifically the expected fuzzy return divided by the fuzzy standard deviation. Here, aiming to optimize the overall multi-period portfolio, the CrSR can be computed as:
This indicator was utilized to assess the performance of portfolio selection models by considering the benefits and risks in a comprehensive manner. A larger number indicates a higher return per unit risk. Besides, similar to Aksarayli and Pala [31] and DeMiguel and Nogales [33] , we compared portfolio models with average portfolio turnover (PT) as a value of the magnitude of the transaction cost in different periods, which is computed as:
In short, two completely different measures, CrSR and PT, were introduced to better evaluate the different models in the empirical experiments so that the analysis results can be more objective and fair.
Adjusted Genetic Algorithm
In this section, the adjusted genetic algorithm proposed in this study will be described in detail. Especially, the algorithm was run six times independently, for which the previous five runs were in parallel, corresponding to the five sub-individual objective models, and the aspired levels R * , V * , S * v , H * , and S * h can be separately obtained. Then, through embedding these aspired levels into the last one, the optimal solution of the final polynomial model P(2) can be achieved. The variables and parameters used in this section are introduced in Table 3 . Table 3 . Notation for the adjusted genetic algorithm. n the number of chromosomes X c the c th chromosome (the c th portfolio), c = 1, 2, . . . , n x ct the t th row of the c th chromosome (the t th period of the c th portfolio), t = 1, 2, . . . , T, c = 1, 2, . . . , n x i ct the i th gene of the t th row of the c th chromosome (the proportion of the i th asset of the t th period of the c th portfolio), i = 1, 2, . . . , N, t = 1, 2, . . . , T, c = 1, 2, . . . , n mc the probability of crossover mu the probability of mutation m the number of feasible solutions κ the ratio of the number of feasible solutions to the number of chromosomes C(κ) the self-adapting penalty coefficient G(x) the evaluation function f (x) the objective function ϕ(x) the penalty objects g(x)
the constraints M the number of generations
Initialization
Denote the population size of chromosomes as n. Each chromosome is a T×N matrix, which can be expressed as:
representing the c th portfolio. Each element, x i ct , represents the proportion of the i th asset of the t th period of the c th portfolio, which is a non-negative value generated randomly, and each row can be expressed as:
representing the t th period of the c th portfolio. Besides, through normalization, the sum of the proportion of investment at each period was forced to be one, that is,
Crossover
Denote the probability of crossover as mc. Only if a uniformly-distributed random number generated was smaller than mc, we conducted the crossover process. In this process, traditionally, the parents are usually two different chromosomes. Here, considering the need to control the overall cost of the portfolio, it was necessary to reduce the turnover. For this purpose, we respectively regarded the t th and [t + T/2] th ([t + T/2] means down round) rows of the selected chromosome X c as parents, that is x ct and x c[t+T/2] . For t = 1, 2, . . . , T/2, the crossover process is shown as:
Here, γ 1 and γ 2 are generated randomly, whose values range from (0, 1). The selected chromosome is transformed into: X c = x c1 ; x c2 ; . . . ; x cT , c = 1, 2, . . . , n.
Mutation
Denote the probability of mutation as mu. Only if a uniformly-distributed random number generated was smaller than mu, we conducted the mutation process. Similar to the traditional approach, some genes were randomly selected from the chromosome for mutation. In order to mutate this matrix chromosome, for each row, x ct (t = 1, 2, . . . , T), we randomly picked the i th element and replaced it with the (i+1) th element of another row, x ct * (t = t * ). Meanwhile, the (i+1) th element of x ct was replaced by the i th element of x ct * . The above mutation process is shown as:
After the crossover and mutation, the current chromosomes may not satisfy the constraint in Equation (29) that the sum of the proportion of investment per period needs to be one, so the renormalization was performed.
Evaluation
Traditionally, we utilize the objective function as the search information during the evaluation process in the genetic algorithm. Because there exist multiple constraints, we applied the self-adapting penalty coefficient C(κ) into the selection instead. C(κ) is defined as:
where m is the number of feasible solutions that meet all the constraints andn is the population size.
Since κ is the ratio of m to n, it also symbolizes the probability. There are few feasible solutions in the early stages of the iterations, so the penalty coefficient was large, narrowing the gap between chromosomes and the feasible region. With the iterations conducted, there were more solutions in the later stages of iterations, so the self-adapting penalty coefficient became relatively small, focusing more on finding the optimal solution.
We then define the evaluation function G u (x) (u = 1, 2, . . . , 6) as:
in which:
It is worth noting that experiments were separately conducted for each of the six f u (x). According to the implementations of the models on f 1 (x), f 2 (x), . . . , f 5 (x), we can get R * , V * , S * v , H * , and S * h , which were used to embed into f 6 (x) to obtain the final result of the portfolio selection model.
Selection
After the evaluation process, we achieved n processed chromosomes. By the tournament selection mentioned by Deb [34] , half of the chromosomes that were better with a smaller G u (x) named as winners were achieved by competition. Meanwhile, all the feasible solutions were picked out by checking all the constraints. The union set of the winners and the feasible solutions contributed in subsequent iterations. Besides, some chromosomes were generated randomly to make the total number in the next iteration always equal to n. Finally, after M iterations of crossover, mutation, evaluation, and selection, the final optimal solution can be reported, where M is the number of generations.
Empirical Experiments
In this section, filtering all stocks of the Shanghai Stock Exchange (SSE) 50 index, 29 stocks with complete ten-year historical data (December 2007-2017) were selected on Wind (a data service software). There were two main considerations in choosing the ten-year data. On the one hand, the acquisition of fuzzy numbers was consistent. On the other hand, the long-existing stocks are safer for investors.
For each stock, we obtained the closing prices of 121 months. By the formula of monthly return r it = (P it+1 − P it )/P it , we obtained 120 historical yield rates, which were sorted by reference to Bermúdez et al. [35] . The 40-60 sample percentiles of the monthly returns were regarded as the cores of each fuzzy return, while the 5-40 and 60-95 sample percentiles expressed the left-hand and right-hand spreads of each trapezoidal fuzzy number. Hence, 29 trapezoidal fuzzy variables were achieved (see Table 4 ). Furthermore, in the ensuing demonstration, the constant parameters in the models were adopted as: l it = 0, u it = 0.2, c it = 0.03 (i = 1, 2, . . . , 29; t = 1, 2, . . . , 12). By using the software MATLAB, we set the parameters of the designed algorithm as: the population size was n = 500, the crossover probability mc = 0.9, the mutation probability mu = 0.1, and the number of generations M = 10,000. With regard to the polynomial model corresponding to T = 12, λ 1 = λ 2 = λ 5 = 1, and λ 3 = λ 4 = 0, Figure 1a ,b show how the objective function value changes with the number of generations. The first experiment converges around 4000 and the second converges around 6000. Thus, in order to ensure the reliability of the results, we set M = 10,000. Table 5 provides the aspired values R * , V * , S * v , H * , and S * h , which were obtained by separately handling the five sub-individual objective models. Because of too many periods and experimental data, in order to be brief, we just show the results of the last three issues of the whole 12 periods in the tables. We embedded the aspired values in the objective and constraints of the P(2) model to settle the models involving different combinations of objective functions. Simultaneously, two groups were constructed by assigning a binary value (0, 1) to the corresponding λ i Table 6 presents the results of each objective value of the models in Group 1 in Periods 10-12. By observing the results of Periods 10-12, comparing RVM and RS v M, the variance, semi-variance, entropy, and semi-entropy of the former were smaller, indicating that the risk was smaller, while the latter had better expected return. According to the comprehensive CrSR index, the RS v M model was better. In addition, comparing RHM and RS h M, the variance, semi-variance, entropy, and semi-entropy of the latter were smaller, showing that the risk was smaller, while the former had better expected return. The comprehensive CrSR index expressed that the RHM model was better. Overall, the largest expected return was obtained by RHM, followed by RS h M; relatively speaking, they were income preferences. For the remaining risk indicators including variance, semi-variance, entropy, and semi-entropy, RVM had the lowest risk and RS v M the second, indicating that they were risk aversions. Here, we used the indicator CrSR to balance the return and risk, and the results showed that RHM was the best, followed by RS h M, suggesting that the return had a greater contribution to the CrSR. Table 6 . Objective values of models in Group 1 at the T th period. RVM, return-variance model; RVHM, return-variance-entropy model. Table 7 presents the results of each objective value of the models in Group 2 in Periods 10-12. By observing the results of Periods 10-12, comparing RVHM and RVS h M, the variance, semi-variance, entropy, and semi-entropy of the latter were smaller, indicating that the risk was smaller, while the former had better expected return. According to the comprehensive CrSR index, the RVHM model was better. In addition, comparing RS v HM and RS v S h M, the former had better expected return, and its risk was relatively smaller in terms of probability; thus, the comprehensive CrSR index was obviously better. Compare the models RVHM and RS v HM, which both contain the entropy issue, and models RVS h M and RS v S h M, which both contain the semi-entropy issue; the semi-variance issue prefers the expected return, while the variance issue contributes greatly to avoiding risk. Overall, the largest expected return was obtained by RS v HM, followed by RS v S h M; relatively speaking, they were income preferences. For the remaining risk indicators including variance, semi-variance, entropy, and semi-entropy, RVS h M had the lowest risk, and RVHM was the second, indicating that they were risk aversions. Here, we used the indicator CrSR to balance the return and risk, and the results showed that RS v HM was the best, followed by RS v S h M.
To better illustrate the above analysis, we conduct a study of each indicator in the 12 periods. Firstly, study models consisting of two indicators, one return indicator and one risk indicator, made up Group 1. Figure 2a ,b, respectively, shows the expected returns and CrSRs of models in Group 1 in 12 periods, and their trends were basically the same. For investors who prefer incomes, the larger the expected returns and CrSRs are, the better the model is. Obviously, entropy plays the most important role, followed by semi-entropy. Therefore, for risk-averse investors, the four risk indicators with basically consistent trends in Figure 3a -d shows that the contribution of variance was the largest, followed by semi-variance. Hence, for investors who balance incomes and risks, RHM was chosen in the high-yield models, and RS v M was chosen in the low-risk models because their corresponding CrSRs were relatively higher. Table 7 . Objective values of models in Group 2 at the T th period. To sum up, for the models in Group 1, the four risk indicators can be divided into two categories: one is the income-preference index composed of entropy and semi-entropy, and the other one is the risk aversion index composed of variance and semi-variance. In terms of performance, entropy was the best from the perspective of profit, and the variance was optimal from the perspective of risk. In equilibrium, the entropy was optimal in the high-yield fields, and the semi-variance performed best in the low-risk fields.
Period
Secondly, models consisting of three indicators were studied, that is one return indicator and two risk indicators made up Group 2. For investors who prefer incomes, Figure 4a ,b shows that RS v HM and RS v S h M were higher than RVHM and RVS h M. For models with three indicators, the semi-variance element was more helpful for expected returns and CrSRs than variance, and the model with entropy named RS v HM was the best. In addition, for investors who avoid risks, Figure 5a -d displays that the results of the four risk indicators were quite close, and the risks of RVHM and RVS h M were smaller than those of RS v HM and RS v S h M, indicating that the variance had a greater effect on risk aversions and that the model with semi-entropy named RVS h M was the best. Hence, for investors who balance incomes and risks, RS v HM was chosen in the high-yield models, and RVHM was chosen in the low-risk models because of their higher CrSRs. Semi-entropy To sum up, for the models in Group 2, the risks of the four models were roughly equivalent. Similarly, the four models can be divided into two categories: one is the risk-avoidance models based on variance, and the other one is the income-preference models based on semi-variance. In terms of performance, RS v HM was the optimal from the perspective of profit, and RVS h M performed best from the perspective of risk. In terms of balance, RS v HM was the best in the high-yield fields, and RVHM was optimal in the low-risk fields. 
Conclusions
In this paper, we investigated the performance of different risk indicators in a multi-period polynomial portfolio selection problem considering transaction costs based on the credibility measure. For consistency, we used the PGP method to fuse the variance, semi-variance, entropy, and semi-entropy of trapezoidal fuzzy numbers obtained from historical data into the P(2) model, and an alterable new target can be constructed by the Minkowski distance and normalization methods. Then, in order to further deal with the nonlinear model, we used the penalty function to construct an adjusted genetic algorithm.
The comparison results indicated that for individual risk indicators, entropy was the best from the perspective of profit and variance was the best from the perspective of risk. In equilibrium, entropy was the winner in high-yield fields, and semi-entropy was the winner in low-risk fields. Meanwhile, for the combination of two different types of risk indicators, RS v HM was the optimal from the perspective of profit, and RVS h M performed best from the perspective of risk. In terms of balance, RS v HM was the best in the high-yield field, and RVHM was optimal in the low-risk field. In general, the participation of entropy and variance can respectively be helpful for investors with income preferences and risk avoidance. Furthermore, the classification of each model is shown in Table 8 by comparing the performances of the two groups, and we have the following conclusions for investors with different preferences. For investors seeking security and risk avoidance, RVS h M was optimal because of its lowest risk value. For investors seeking high return, RHM was the best choice for its highest overall expected return, while for investors who balance return and risk, due to the highest CrSR, RS v M was the best. 
